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ABC IMPLIES THE RADICALIZED VOJTA HEIGHT
INEQUALITY FOR CURVES

MACHIEL VAN FRANKENHUIJSEN

ABSTRACT. The truncated or radicalized counting function of a meromorphic
function f: C — P!(C) counts the number of times that f takes a value a, but
without multiplicity. By analogy, one also defines this function for numbers.
In this sequel to The abc conjecture implies Vojta’s height inequality for curves
(J. of Number Theory 95 (2002), 289-302), we prove the radicalized version of
Vojta’s height inequality, using the abc conjecture. We explain the connection
with a conjecture of Serge Lang about the different error terms associated with
Vojta’s height inequality and with the radicalized Vojta height inequality.

1. INTRODUCTION

It has long been known that there is an analogy between conjectures and the-
orems for numbers and for functions. For example, Roth’s theorem corresponds
to Nevanlinna’s second main theorem, and Mordell’s conjecture corresponds to the
fact that for an analytic map f: A, — C of the disc of radius r into a Riemann
surface of genus two or higher, there is an upper bound on f'(0)r, depending only
on C. Paul Vojta was the first to make this analogy quantitative, by formulating
his height inequalities, here referred to as the VHI and the RVHI. (See §2 for the
definitions.)

Congjecture 1.1 (Vojta’s height inequality [V98, Conjecture 2.1]). Let C be a smooth
complete curve and let D be a finite set of points of C, defined over a number field
F. Let S be a finite set of valuations of F, including the archimedean valuations.
Let K be a canonical line sheaf and let A be a big line sheaf on C. Let £ > 0 and
r > 1. Then there exists a finite subset Z of C'(F), depending on C, D, S, A, ¢e,r
and F, such that

(1.1) hic(z) + ms,p(z) < d(F(x)) +cha(z)
for all z € C(F) — Z for which [F(z) : F] <r.

With the d(F(z)) term, defined below in (2.5), one further conjectures that Z is
independent of F' and r.

This conjecture is inspired by the analogous theorem in Nevanlinna theory (see
[LCI0] for definitions),
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Let f: C = C be an analytic map into the Riemann surface C. Let
D be a finite set of points on C' and let A be ample. Then there
exists an open subset Z of [0, 00) of finite total length such that

(1.2)  h(f,p) + mp(f, p) + Neam(f, p) <logha(f,p) + O(loglog ha(f, p))
for all p € [0,00) — Z.

The error term in this theorem, logh 4 + O(loglogh4), is better than the error
term in Vojta’s conjecture, eh 4 for every € > 0. By analogy, Lang conjectured that
the error term in (1.1) is O(log h4(z)) instead of o(ha(z)). Indeed, when applied
to the projective line and D consisting of a single algebraic point a, we obtain
Roth’s theorem [R55]. Contrary to [vF02, Remark 5.5], there is some numerical
evidence that the error term in Roth’s theorem is as in Nevanlinna theory. In the
case F' =, in terms of the partial quotients a,, of the continued fraction expansion
of the real algebraic number «, this would mean that a,, = O(n"*), for some x > 0.

We see that the geometry, C, D, K and A, of Conjecture 1.1 and its counterpart
in Nevanlinna theory, inequality (1.2), is the same, and the analysis (the proximity
and height functions) is completely analogous in the formulation, with the exception
of d(F(x)) and the counting function of the ramification of f,

p
Neam(f,p) = > (ord(f,z) — 1)log R
lz|<p: ord(f,2)>2
It is not entirely clear what the analogue for numbers is of this function (see however
[V99, §8]), but one can combine mp and Nyam by using

mD(f; p) + Nram(f7p) = hD(f,P) - ND(f7p) + Nram(f7 p)
> hp(f,p) = N (£,p)

(see [LCI0] for the definitions). Here, the radicalized counting function

NIty = Y g

el<ps Fwen |

counts the points z € C for which f(z) is a point in D with a weight log ﬁ, but
without multiplicity. Using this, we obtain a corollary to inequality (1.2) which
does not involve Ny but instead the radicalized counting function. The analogue
of this corollary in number theory does not follow directly from Conjecture 1.1,
because Conjecture 1.1 does not have such a ramification term.

Congjecture 1.2 (Radicalized Vojta height inequality [V98, Conjecture 2.3]). Con-
jecture 1.1 holds with (1.1) replaced by

(1.3) hictp(z) < N§H(@) + d(F(2)) +ha()
for all z € C(F) — Z for which [F(z) : F] <r.

Again, we conjecture in addition that Z does not depend on F' and r.

In [N96, p. 500], Noguchi observes that the abc conjecture follows from Conjec-
ture 1.2, applied to the projective line and D = (0) + (1) + (00). It is known that in
the abc conjecture, eh 4 cannot be replaced by O(log h_4). Indeed, the best possible
error term is O(v/ha/logh) (see Remark 3.3 below). Accordingly, Lang conjec-
tured that the error term in Conjecture 1.1 follows Nevanlinna theory, on which it is
inspired, whereas the error term in the radicalized version, Conjecture 1.2, follows
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the error term of the abc conjecture. That is, Conjecture 1.1 may hold with eh 4 (z)
replaced by O(log h(x)), and Conjecture 1.2 may hold with eh4(z) replaced by
O(¢(ha(z))), where 4 is as in Conjecture 3.1.

In [vF02], we proved that Conjecture 1.1, with an error term as in the abc
conjecture, follows from the abc conjecture. We show here that the abc conjecture
implies Conjecture 1.2. This was already pointed out by Vojta in [V98]. However,
Vojta’s proof uses a geometric construction that is quite involved, and therefore
loses track of the error term. Qur formulation of the abc conjecture contains a
function (k) for the error term, which is conjectured to be o(h) and is known to
be at least O(v/h/logh). The only geometric construction that we use is a Bely{
function, and we therefore obtain an error term of the form ¢ (h4). Thus, the abc
conjecture and Conjecture 1.2 are equivalent with the same error term, and both
imply Conjecture 1.1, with an error term as in the abc conjecture. Conversely,
Conjecture 1.1 implies the abc conjecture, but with an eh 4 error term [V92], even
if Conjecture 1.1 would be known with an O(logh4) error term.

Our proof is very similar to the one in [vF02], the only difference being in the
first displayed inequality on page 299 in [vF02], which we replace by the stronger
inequality (5.1).

2. THE THEORY OF HEIGHTS

Let F be a number field with algebraic closure F = Q. The completion of F' at
the valuation v is denoted F),, and, if v is nonarchimedean, F'(v) denotes the field
of residue classes. The height of a valuation is defined by

hr(v) =0, if v is archimedean,

(2.1) hi(v) =

log#F(v), if v is nonarchimedean.
[F Q
We normalize the valuations by v(2) = [F, : R]log 2 if v is archimedean, and by
v(p) = —[F, : Q]logp if v is nonarchimedean and p is the rational prime with

v(p) < 0.

We refer to [V87, V98, Hu93, vF02] for the basic definitions of the height. We
recall here the properties that we need. Let R be the ring of integers of F' and let
R, denote the completion of R at a nonarchimedean valuation v. Let C' be a curve
defined over F' and choose a model C of C' over R. Given a divisor D, we denote
the corresponding line bundle also by D. The line bundle is positive if the constant
function 1 is a global section, via this identification of functions with sections. For
a positive line bundle D over C, we let D be the (noncanonically) corresponding
line bundle over C together with metrics || - ||, on D ® F, for every archimedean
valuation v. For a point x € C'(F), not in the support of D, we define

[F, : R

[F :Q
log # 2*D)/R,), if v is nonarchimedean.

= gy e # (R 92 D)/Ry)

Note that deg, z*D is a multiple of hr(v) for every nonarchimedean valuation. The

(logarithmic) height of x with respect to D is then defined by

x) = Z deg, z*D,

deg, z*D = — log||1||s, if v is archimedean,

deg, =
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where v runs over all valuations of F. In general, hp is defined by linearity in D.
Let S be a finite set of places of F. The counting function of x in D is defined
by
NS ’D Z degv ,
vgS
and the proximity of z to D is mg p(x) = hp(x)—Ng,p(z). The radicalized counting
function counts if x € D, but without multiplicity,

(2.2) NOp@ = Y he).

v¢S,deg, z*D>0

The height and the counting function do not depend on F', but N }1,)5’73 does depend
on the number field. Indeed, for an extension E of F, one has

_ [Ew) : F(v)]
hE(w) = [E : F] hF(’U).
Thus the contribution Zw‘v e(w) of the valuations above v to the radical satisfies
(2.3) = ) <> hp(w) < hp(v),
wlv

with equality on the right if v is unramified in E. Hence

(2.4) 0 < Nt p(x) — Nis (@) < d(E) — d(F),
where
(2.5) d(F) = [F J log | disc(F)].

Remark 2.1. deg, z*D > 0 for every nonarchimedean valuation v. For an appropri-
ate choice of metrics, this also holds for the archimedean valuations. We call this a
choice of positive metrics, and we say that D is positive.

Moreover, if the positive divisor D = D' + D" is a sum of divisors for which the
underlying divisors D' and D" are positive, then one can choose positive metrics
on D' and D" such that their sum equals the metric on D.

3. THE ABC CONJECTURE WITH ERROR TERM

Denote a point of P2 by (a : b : ¢). Consider the divisor [b = 0] of P2 with metrics
at the archimedean valuations!

[bs(a :b:c)ly
(3.1) lslloa:b:e) = —X@ib Ol
Vials +18I7 + lel3
for a section s. We choose similar metrics for the divisors [a = 0] and [¢ = 0].

We let h(P) be the height of the point P = (a : b : ¢) € P?(F) with respect to
the divisor [b = 0] with these metrics. Thus

= Zhv(a,b,c),

'The norm is defined by |z|s = exp(v(x)/[F : R]), which is the ordinary distance of z to 0 on
the real line or complex plane.
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where

F,: R
hy(a,b,c) = £ - ] logv/|a|2 + |b|2 + |c|2, if v is archimedean,

[F: @

hy(a,b,c) = max{v(a),v(b),v(c)}, if v is nonarchimedean.

1
[F:Q
Note that the height does not depend on the choice of coordinates for P, even
though the local contributions do. Moreover, the height does not depend on the

number field F.
The radical of P = (a : b : ¢) with abc # 0 is defined by

re(P) =Y rey(P),

where the contribution of the valuation v to the radical is given by
rry(P) =0 if v(a) = v(b) = v(c),
rry(P) = hp(v) otherwise (see (2.1) for hp(v)).

The radical depends on the number field, and as for the truncated counting function,
we have the bounds

(3:2) 0<rp(P)—re(P) <d(E) —d(F),
for an extension E of F'.

Originally, the abc conjecture was formulated (for F = Q) in 1983 by Masser
and Oesterlé with eh(P) + K instead of an error term ¢ (h(P)) as below (see [O88]).

Congjecture 3.1 (ABC conjecture with type ¢ [vF99, vF00]). There exists a positive
increasing function ¢ with ¥ (h) = o(h) such that

(3.3) h(P) < rr(P) + d(F) + ¢(h(P)),
for every point P = (a : b: c) € P2(F) on the line a + b = ¢ with abc # 0.

Remark 3.2. The function ¥ may depend on the number field. However, we make
the further conjecture that 1 does not depend on F, so that the term d(F') takes
care of the dependence on the number field.

Remark 3.3. In [vF00], following [ST86, Theorem 2], the author shows that there
exist infinitely many rational abc examples such that

h(P)
h(P) > ro(P) +6.07 ~———-.
(P) > ro(P) +6.07 s
This result provides an upper bound for the strongest possible version of the
abc conjecture. Thus if a function as in Conjecture 3.1 exists, then ¢ (h) >
6.07vh/log h. Indeed, ignoring the factor log h, numerical data seems to indicate
that in general we may take

(k) = KV,

for some constant K, independent of the number field.



6 MACHIEL VAN FRANKENHUIJSEN

4. BELY!’S CONSTRUCTION
In [Be80, Theorem 4], Belyl constructs a function with the following property:

Theorem 4.1. Let C be an algebraic curve defined over a number field F' and let
D c C(Q) be a finite set of algebraic points on C. Then there exists a morphism
f: C — P! defined over F such that f(D) C {0,1,00} and f is only ramified over

{0,1, c0}.

Belyi’s construction provides us with examples of equality in the abc theorem
for function fields [Sto81, vF99]. Let f: C — P! be a morphism of a complete
nonsingular curve C to the projective line. Let e(z) denote the multiplicity of f at
the point  on C. Thus, for every point a in P!, the total multiplicity of the fiber
over a is constant, 3 -1 {a} e(x) = deg f. By Hurwitz’ formula, writing g for the
genus of C,

2—2g=2degf — Z(e(w) —1)=2degf — Z Z (e(z) = 1).
zeC a€Plzef~{a}

Counting only the ramification above 0,1 and oo, we obtain
(4.1) deg f <29 —2+#f '{0,1,00}.
This is the abc theorem for function fields. The function f corresponds to the abc
sum (f : 1= f : 1) of height deg f and radical #f~1{0,1,0}. Equality holds if and
only if f is a Belyl function. In that case, a canonical divisor of C' is given by
(4.2) K=(df/f)=f1) - f{0,1,00}.

We use this canonical divisor in the next section.

5. THE ABC CONJECTURE IMPLIES VOJTA’S HEIGHT INEQUALITY

Let C be a curve over F, and let D be a finite set of algebraic points of C,
defined over F. Let f: C — P! be a Belyi map for D. The divisors A = f*(0),
B = f*(1) and C = f*(o0) have a decomposition over F' into irreducible divisors,

A=etPi+---+ePiy, B=e€ep1Piy1+---+ ej'Pj, C= 6j+17)j+1 + -+ epPr.
Choose metrics at the archimedean places on A, B and C as in (3.1) and choose
positive metrics on each P, compatible with this decomposition, as in Remark 2.1.
Let K= B- Zﬁzl ‘P, be the canonical line bundle (4.2). Note that as a line bundle
without metrics, D = ) u ‘P, where the summation is restricted to the components

of D. We write this symbolically as D = > ., Py. Let D =} ., Py, be the
corresponding metrized line bundle.

Theorem 5.1. Let C be a curve with a finite set of points D, defined over a number
field F, and let f be a Belyi map for D as above. Choose metrics to obtain the
associated metrized line bundle D. Let S be a finite set of places of F, including
the archimedean places. Assume the abc conjecture with type function 1. Then

hic4p(@) < Nty s p(@) + d(F (@) + 3 he(0) + $(h(F(2) : 1= f(2) : 1),
veS
for every x € C(F) — f~1{0,1, 00}.
The error term (h) comes from the abc conjecture. As explained in the text
after Conjecture 1.2, this error term cannot in general be improved.
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Proof of Theorem 5.1. Let x be a point of C(F), defined over E = F(z), such that
f(z) #0,1,00. We apply the abc conjecture to the point P = (f(z) : 1 — f(z) : 1)
to deduce that the height of z is bounded. Note that hg(z) = h(f(z) : 1— f(z) : 1),
so that h(P) = hg(z).

We estimate the radical of P. Let w be a valuation of E so that its restriction to F’
is not equivalent to an element of S. Thus w is nonarchimedean, and it contributes
hg(w) to the radical if and only if w(f(z)) < 0, w(1— f(z)) < 0or w(f(z)) > 0. In
other words, w contributes to the radical only if deg,, *A, deg,, *B or deg,, z*C
is positive. Since deg, z*A = EL:1 e, deg,, *P,, and similarly for B and C, it
follows that deg,, *P, > 0 for some p (1 =1, ..., k). Since deg,, *P, is a multiple
of hg(w) for every p and in view of Remark 2.1, the contribution of w to the radical
of P is bounded by

(5.1) rew(P) < min{hg(w), Z deg, z*P,} + Z deg,, *P,.
we€D ugD
For w € S, we obtain the bound
rew(P) < Z deg,, *P, + hp(w).
gD

Since the metrics are positive, this also holds for the archimedean valuations.
Adding these contributions, we find

re(P) < NSk p(@) + 3 hu@) + Y hp(w),
gD w|S

where h, denotes the height with respect to P,, and w | S means that w is a
valuation of E whose restriction to F' is equivalent to an element of S.
By the abc conjecture with type ¢ and (2.3), we obtain

h(@) < NGk p(@) + 3 hu@) + Y he(v) + d(B) +$(h(P)).

uéD vES
By (4.2), we have hic1p(z) = hg(x) — 32,4 p hu(@). Thus we obtain the radicalized
Vojta height inequality, with eh4(x) replaced by ¢¥(h(P)) + _,cg hr(v). O
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